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Abstract 

The description of the phase space of relativistic particles coupled to three-dimensional Einstein grav- 
ity requires momenta which are coordinates on a group manifold rather than on ordinary Minkowski 
space. The corresponding field theory turns out to be a non-commutative field theory on configu- 
ration space and a group field theory on momentum space. Using basic non-commutative Fourier 
transform tools we introduce the notion of non-commutative heat-kernel associated with the Lapla- 
cian on the non-commutative configuration space. We show that the spectral dimension associated 
to the non-commutative heat kernel varies with the scale reaching a non-integer value smaller than 
three for Planckian diffusion scales. 



I. INTRODUCTION 



One of the most pressing questions in various approaches to quantum gravity concerns their semiclassical limit. In- 
deed many quantum gravity candidate models [iHS] are based on pre-geometric, pre-spacetime and discrete structures 
from which the ordinary description of spacetime in terms of a continuum geometry should emerge [5Ul3j. On the 
opposite side semiclassical gravity in its simplest realization, quantum fields on curved space-time (see e.g. |14|). while 
being very successful both on the theoretical (e.g. the prediction of black hole quantum radiance) and experimental 
side (the description of the anisotropics in the cosmic microwave background via fluctuations of a quantum field), 
offers little hints on how its structural properties could be affected by the quantum dynamics of the background. 
One notable exception occurs in three dimensions. As it is well known, in this case, the theory drastically simplifies 
and its only non-trivial features can appear at a topological level ^15) . This means that if one wants to couple point 
particles to the theory these have to be introduced as topological defects or punctures. It turns out that the descrip- 
tion of the classical phase space of such "topologically" gravitating particles requires the introduction of momenta 
which are coordinates on the manifold of the group of local isometrics of the theory |16| . The group-like nature of 
momentum has dramatic consequences for the corresponding quantum field theory. Indeed plane waves can be seen 
now as group elements and the fields on configuration space form a non-commutative algebra of functions. Thus 
semiclassical gravity in three dimension leads to a non-commutative field theory (NCFT) in which, as we will see in 
detail below, Newton's constant appears as a parameter which controls the non-commutativity. The remarkable fact 
is that the same kind of NCFT has been argued to emerge as an effective field theory in the flat-space limit of three 
dimensional quantum gravity from a spin- foam based approach [171 [18] (see also [19]). It seems thus that in three 
dimensions semiclassical gravity is simple but rich enough to provide a natural bridge to the fully blown quantum 
theory via non-commutative field theory. In this work we explore further the properties of this NCFT and introduce, 
via the usual tools of non-commutative Fourier analysis, a notion of non-commutative heat kernel. As an application 
we calculate the spectral dimension associated with the non-commutative Laplacian of the model and show that an 
interesting phenomenon of dimensional fiow to values less than 3 takes place as the diffusion parameter approaches 
Planckian scales. This is in agreement with results in various quantum gravity scenarios [SI [^01 - 1^ but the surprising 
fact is that our findings are simply based on the coupling of point particles to gravity and the way the latter affects 
their phase space. In particular in our context we do not consider any quantization of the underlying spacetime and 
thus the dimensional fiow (and the underlying NCFT) should be just seen as inevitable features of (three dimensional) 
semiclassical gravity. 
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II. CURVED MOMENTUM SPACE FROM GRAVITY 

As mentioned above a striking feature of (topological) gravitational interactions of point particles in three dimensions 
is the way gravity affects the structure of phase space itself. Indeed while other interactions simply introduce an 
interaction potential term in the Hamiltonian describing the system, in three dimensions gravity leads to group 
valued momenta and a modified symplectic structure [TB] . Such modifications of the structure of the ordinary phase 
space disappear when we switch off the gravitational interaction G — which thus can be seen as a "deformation 
parameter". Here we try to describe in the simplest possible way how group valued momenta emerge in this context. 
We start by considering a relativistic point particle in three dimensional Minkowski space. The "extended" phase space 
(from now on simply "phase space" ) T of the particle is given by three-positions and three-momenta both coordinates 
on three dimensional Minkowski space. From this space we can obtain the "physical phase space" restricting to a 
submanifold of T determined by the solutions of the equations of motion i.e. straight line geodesies in space-time 
and on-shell momenta. For later convenience we note that since three dimensional Minkowski space is isomorphic as 
a vector space to the three dimensional Lorentz algebra sl(2), to each particle we can associate "Lie algebra- valued" 
position X = x • 7 and momentum p = p • 7 where 7a are 2x2 traceless matrices. The phase space is thus a vector 
space given by the direct product of two copies of s[(2) i.e. T = s[(2) x s((2) ~ x M^. 

Let's now switch on gravity. Since we are in three dimensions the space will still be everywhere flat except at the 
location of the particle. We have there a conical singularity and the metric in cylindrical coordinates will be given by 

ds^ = -dr^ + dr^ + (1 - 4Gm)r2d^2 _ 

The length of a circular path centered at r = 0, the location of the particle, divided by its radius will be less than 2tt. 
The deficit angle is a = SirGm, proportional to the mass of the particle m. Since the deficit angle cannot be larger 
than 27r the mass is bounded from the above m < = ^ with Mp the Planck mass. We want to characterize 
the phase space of such a particle and understand what modifications are introduced by the effect of gravity. In 
order to do so we first have to remove the point-like singularity from space-time. This can be done by introducing 
a cylindrical boundary at r = by relaxing the condition that points with different angular coordinate ip should be 
identified there. Such boundary will represent the worldline of the particle. In order to determine what three-positions 
and three-momenta are and compare them with the ordinary flat Minkowski case we map the conical space-time into 
three-dimensional Minkowski space with a cylindrical boundary and a wedge "cut-ofF' representing the deficit angle of 
the cone. We thus have a map q from the simply connected part of the space-time manifold to s[(2) which we identify 
as a vector space to Minkowski space. Now, position and momenta are defined with respect to a reference frame. 
In Minkowski space all choices of reference frames are equivalent but this is not the case on our conical space-time 
manifold where we have differently oriented local frames. Thus besides q, which maps the points on conical space 
to points on Minkowski space, we also need a map of the local reference frames on the conical space-time to the 
"background" Minkowski frame. Such two frames will be in general related by a Lorentz transformation and thus 
we need an 5'i(2)-valued function U in order to specify this information. The pair (q, U) provides an isometric 
embedding of the bundle of local frames on the simply connected part of the manifold into Minkowski space [16] . The 
freedom of choosing the "background" frame is reflected in the freedom of transforming the functions q and U via a 
"rigid" Poincare transformation 

q^L-i(q-n)L, U ^ L'^U (2) 

with L G SL{2) and n G sl{2) a Lorentz rotation and a translation respectively. This is an important observation 
since we need to specify how the values of the embedding functions on the two faces of the wedge q± and U± should 
be identified. From what we just said in order to have a consistent picture the values of the functions should be 
related by a generic Poincare transformation i.e. 

q+ ^P-I(q_ -v)P, U+^P-1U_. (3) 

We now have all the ingredients to specify what the phase space of the particle looks like. The three-position i.e. the 
location of the worldline in the auxiliary Minkowski space is given by the values of the function q on the cylindrical 
boundary i.e. q — q|r=o- In principle q is a function of t and ip, however if we want the cylindrical boundary look like 
a worldline we must impose the additional condition that q depend only on time^ q = x(t). Thus the three-positions 



It can be shown |16| that such condition is equivalent to impose that the (/3-components of the metric vanish on the boundary. 
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of the particle will be still given by a vector, namely the "coordinates" of an element of sl(2). The situation for three 
momenta is a little trickier. First consider the matching condition 

q+^p-i(q_-v)P. (4) 

Since q+ = q_ = x(i) is the location of the particle, taking the derivative with respect to time of the equation above 
we obtain that the velocity of the particle must commute with the group element P (remember that v is constant). 
This implies that three- momentum vectors have to be proportional to the projection of the group element P € SL{2) 
on its Lie algebra s((2), i.e. if we write P in its matrix expansion 

P = u1+4ttGp-j (5) 

we discard the part of u proportional to the identity matrix elements and take p — p ■ Notice that now the 
components of the momentum vector are coordinates on a group manifold, indeed the condition det U = 1 implies 
that 

- leTT^GV^ = 1 (6) 

the equation of a hyperboloid embedded in M^. The phase space in the presence of topological gravitational "backre- 
action" is thus Tq = sl{2) x SL{2) ~ x SL{2). We see that the deepest reason why momentum space is curved or 
"deformed" is that in order to specify the direction of motion of the particle we have to glue two patches of Minkowski 
space with a Lorentz transformation. In Minkowski space we just need vectors to describe position and velocity of 
the particle, when gravity is switched on we cannot use just vectors but the new picture requires the information 
contained in a Lorentz transformation. 

It will be useful before we proceed to make a short digression on the definition of the physical phase space and the 
associated mass-shell relation. Intuitively in order to determine the mass shell we need to find a characterization 
of the mass of the particle and relate it to the notion of generalized momentum. As we saw above the mass of the 
particle is proportional to the deficit angle of the conical space. A way to measure the deficit angle is to transport a 
vector along a closed path around the boundary, as a result it will be rotated by the deficit angle a = SirGm. The 
"holonomy" P, is connected to the group element P by the simple relation 

P = UPU-^ (7) 

This can be interpreted geometrically as follows: consider the "background" Minkowski frame as the reference frame 
of an "observer" sitting at infinity on the conical space-time. The Lorentz rotation P describes the change in the 
orientation of the reference frame in going across the cut in Minkowski space. The latter can be also seen as the 
Lorentz rotation obtained by first transporting the reference frame from infinity to a neighbourhood of the particle, 
U"''", then around the particle, the holonomy P, and finally back to infinity U. 

Returning back to the mass shell condition we see that the physical momenta will be characterized by all the holonomies 
which represent a rotation by a = SnGm. Such requirement imposes the restriction 

1^ ,-n, ^ ^ ^9 sin^(47rC?m) 
-Tr(p2) = cos(47rGm) ^ it^G^ ^ 

on the "physical" holonomies. Classical particles still move along straight lines as in Minkowski space, the non-trivial 
features emerge at the multiparticle level where the crossing of worldlines is non-trivial due to the conical space-time 
geometry and in a deformation of the symplectic structure which disappears in the limit G — > 0. 



III. PLANE WAVES, FOURIER TRANSFORM AND NON-COMMUTATIVE SPACE 

We now want to quantize our relativistic particle coupled to gravity in order to obtain a toy model for a self 
gravitating quantum field theory. In ordinary Minkowski space the quantum field theory corresponding to a relativistic 
particle can be constructed from the space of functions on the mass-shell which is isomorphic via Fourier transform 
to the space of solutions of the Klein-Gordon equation. In other words one considers functions on momentum space 
and then imposes a mass shell constraint. Such space equipped with an appropriate inner product obtained from the 
Wronskian of the Klein-Gordon equation will give the "one-particle" Hilbert space of the theory. We see that in our 
case, proceeding in the same way, one is naturally led to consider functions on the momentum group manifold. Before 
we proceed any further though, in view of our discussion on the heat kernel and spectral dimension, we switch to the 
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Euclidean. In this case the "phase space" of the particle will become = su(2) x SU{2). We thus see that in the 
case of a gravitating particle in three dimensions the phase space of the corresponding field theory is given by the space 
of function on the group manifold SU{2). Since we want to define a heat kernel we need to associate the mass shell 
discussed in the previous section to (the Fourier transform of) a Laplacian. While it is straightforward to write down 
the equation that functions on the mass shell should satisfy we should also make sure that there exists an appropriate 
generalization of the Fourier transform to functions on a Lie group. This is indeed the case (see [iTl |30j |3T] ) . The 
basic object we need in order to define a Fourier transform is a plane wave. Momenta are now coordinates on SU(2), 
to fix our conventions we take the Pauli matrices ai such that af — I and taking the SU(2) group parametrization 

P{9,h)=cosei+ismen-a, 6ie[0,7r], neS^. (9) 
we define sin6'n = ^ with k = (AttG)^^, with these "cartesian" coordinates we have 

Pip)^epol+i--a, (10) 

K 

where po = y^l — ^ and e = ±1 if 6* e [0, ^] or 6* e , tt]. Plane waves can be written also in terms of a Lie algebra 
element x = ccVi € su(2) as 

ep(x) = e5^T'("^) =e*P-". (11) 

with p— ^Tr(P(7). Note that p S are the coordinates of the projection of the momentum group element P on its 
Lie algebra and x S K"^ are just coordinates of a 3-vector. The main effect of the group structure of momentum space 
is that the composition of plane waves is non-abelian indeed we can define a ik-product for plane waves 

ep, (X) * ep, (X) = e^Tr(xPO ^ Tr(xP.) ^ g5^Tr(xPiP.) ^ (^2) 

differetiating both sides of this relation and setting the momenta to zero one can easily obtain a non-trivial commutator 
for the x's which is just the one of su(2) 

i.e. the "coordinates" ^ Xi can be seen as equipped with a non-commutative algebra structure. 

To keep things simpler we now restrict to functions on S0(3) ~ SU(2)/Z2, namely we use p = ^Tr(|P|(T) with 
|P| = sign(Tr P)P. It is interesting to write down explicitly the non-abelian composition law that momenta inherit 
from the non trivial group structure 

Pi ®P2 =Po(P2)Pl +Po{P2)P2 + -Pl AP2^Pl+P2+ -Pl A P2 + 0(1/k^) • (14) 

K K 

Let us observe that since plane waves are eigenfunctions of translation generators such non-abelian composition of 
momenta will correspond to what is know as a non-trivial "coproduct" 

AP, = ® 1 + 1 ® + - eabcPb ®Pc + O(lA') , (15) 

K, 

A non-trivial co-product (or modification of the Leibniz rule) is the "smoking gun" of quantum deformations of 
isometry algebras of ordinary spaces and this is telling us that Pa belong to a non-trivial Hopf algebra or quantum 
group. Thus i = 47rG can be seen as a deformation parameter and in the limit k — > oo one re-obtains the usual 
action of translations as an abelian Lie algebra. 

Now that we have described our plane waves we can introduce a notion of Fourier transform. Such transform will be a 
straightforward generalization of the ordinary Fourier transform now mapping the space of functions P^(S0(3), dfin), 
equipped with the Haar measure dpLn^ onto a space Lj(IR'^,d/i) of functions on su(2), isomorphic as a vector space 
to P"^, equipped with a non-commutative ^-product, and the standard Lebesgue measure dfjL. The group Fourier 
transform [T71 [Ml 131] is given by 

J-(/)(x) = j dM/f(P)/(P) ep(x) , (16) 



^ We would like to stress once more that such "space-time" coordinates should not be confused with the coordinates of the particle which 
form a perfectly commutative algebra but which however obey a non-trivial Poisson bracket. 
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which we can write more expHcitly in terms of the "cartesian" coordinates that we have been using for illustrative 
purposes so far (and which will actually turn out to be useful in the rest of the paper) 

nf){^) = J^ [ -^^f{P{p)) e^'^-'- (17) 

The last thing we should mention before moving to the discussion of the Laplacian is that the space of functions on 
SU(2)/Z2 can be equipped with a hermitian inner product 

(/,5)g = j dA.^(P)7(P)MP), (18) 

which plays a key role in the construction of a QFT Hilbert space and of the two point function [32] ■ 



IV. NON-COMMUTATIVE LAPLACIAN, GREEN'S FUNCTION AND HEAT KERNEL 

The mass-shell condition discussed in Section III suggests that in "cartesian" coordinates the square of momentum 
vector p is the momentum space counterpart of the differential operator of an equation of motion. Indeed there is a 
a rather well developed theory of differential calculus on non-commutative spaces and in particular a Laplacian Aq 
for functions on the "spin" non-commutative space ( jlS] ) has been introduced in [331 EH ■ In these works is defined 
via the "bi-covariant" differential calculus compatible with the quantum group isometrics of the non-commutative 
space, and it is shown that the plane waves defined above are eigenfunctions of this Laplacian and of the differentials 
associated with the calculus. These differentials are mapped via group Fourier transform into the generators of 
translations Pa and the Laplacian will correspond to the Casimir operator Cg{P) = P'^Pa (which in this particular 
"basis" of the enveloping algebra corresponding to our choice of coordinates on the momentum group manifold is just 
the same as for ordinary 3d Euclidean space). The action on plane waves is given by 

AGep{x)=CG{P)ep^p^ep. (19) 

The Dirac delta function on the group is given by 

J d^xep{x) 8nS{P) (20) 

and thus plane waves form an orthogonal set of functions with respect to the inner product 

J d^xe^{x)*eQ{x) ■.= 8t:6{P-^Q). (21) 

In order to introduce the discussion on Green's function and heat kernel we reformulate, as customary, the eigenvalue 
problem in terms of an auxiliary Hilbert space spanned by kets \x) and we seek an operator O such that 

0\yjp)^p^\i;p) (22) 

i.e. with the same eigenvalues as the Casimir above which can be written as 

= J dfiH{P)p^\^p){M (23) 

Using the decomposition of the unity we have 

d^x'{x\0\x')^p{x') = p^^ppix) (24) 



with V'p(2;) = {x\ipp). We see that the two eigenvalue problems are equivalent if ep{x) = ippix) and 

{x\0\x') ^ AgS{x-x'). (25) 
The Green's function for our Laplacian is defined by the usual relation 

{Ag + M^)G{x,x') = 6{x-x') (26) 
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so we have that 

G{x,x') = {l^G + M^)-H{x-x') = {x\{^G + M^)-^\x') , (27) 



thus the Green's function is the kernel of the operator (A^ + M ) . Finally using (23) we can write 



5^^f^ (28) 

which is equivalent to the Euclidean two point function expressed in terms of expectation values on field operators 
on a one particle Hilbert space. 

To make contact with the heat kernel let us recall the well known operator identity 

^^g-.(AG+Af^) = + M^yi (29) 







which implies that for M = 

G{x,x') = {x\A^^\x') ^ ds{x\ e-'^^lx') ^ dsK(x,x';s) (30) 
Jo Jq 

where K{x,x';s) is the kernel of the heat operator e""'^'^ and, as for the Green's function, we can express it as an 
expansion in terms of plane waves 

K{x,x';s)^ J dnH{P)e-~'P'ep{x)e^{x') ^ J duniP) e^"^"^^'' ep{x)e^{x') . (31) 



The expression above is the extension of the ordinary heat kernel to non-commutative "spin" spacetime ( 13 ). We would 
like to stress here that the same straightforward procedure could be applied to other "Lie-algebra" non-commutative 
spacetimes like, e.g., the Euclidean version of K-Minkowski space'^. 

V. SPECTRAL DIMENSION 

As for an ordinary heat kernel we can define a notion of spectral dimension for our non-commutative heat kernel 

d\og frK 



d log s 



(32) 



where TrK is the trace normalized by geometric factors. Indeed, in ordinary commutative n-dimensional Euclidean 
space if we take the trace of the heat kernel we find 

TrKf^^t{x,y;s) = / d'^x K^^t {x,y = x;s) = ^^^^^ P„ (s) (33) 
where V = J d"^x is the volume of space and 

Pn(^) = ^ / dpp^-'e-^P" . (34) 



and thus for the normalized we take TrKfis,t{s) = P„(s). For the heat kernel of the "spin" space (31), using the 



Fourier Transform (17) we have 



K{x,x';s) = ^ / ^==L=e'^P' , (35) 



b|<« . I _ E 



^ In |35j a proposal for the trace of the heat kernel for K-fields was put forward following an analogy with the undeformed case, we would 
like to point out that the heat kernel defined following our procedure would lead to the same result. 



FIG. 1: Spectral dimension in units k = 1 (solid line, the dotted is the spectral dimension of ordinary Euclidean space). 



from which we can easily write down the normahzed trace 



|p|<^ 



1 - ^ 

r . o 



47r 



\V\<1 



(36) 



where we introduced the new integration variable V — ^. The solution of the integral above is known in terms of 
modified Bessel functions of the first kind In{x) (see appendix IaI) and reads 



Jo Vl - 4 V 



so that 



(37) 



TrK^{s) = -e" 



h 



(38) 



The spectral dimension associated to the non-commutative heat kernel can then be easily obtained from the definition 
( 32 1 and using the properties of the derivatives of the modified Bessel functions which we recall in Appendix |Aj we 
obtain our final result 



2 1 



K^S + 



/i(^)-/o(^)). 



(39) 



In Figure ([T]) we plot the spectral dimension in units k = 1. For large values of the diffusion parameter the spectral 
dimension approaches'* the value dg = 3, as expected, since the non-commutativity effects are set by the UV scale n 
determined by Newton's constant. However as we decrease the scale at which our particle is probing space we notice a 
highly non-trivial flow of the spectral dimension. As shown in Figure Q, as the diffusion time decreases, the spectral 
dimension increases until reaches the maximum value c?s„„^ — 3.5 for Smax — 5.3. Below Smax the spectral dimension 
starts rapidly decreasing plunging under the ordinary value of 3 at s ~ 2.9. At Planckian diffusion scales the spectral 
dimension approaches the value di ~ 1.36 and below this scale the dimension keeps decreasing. Notice however in 
this regime our model is no longer reliable since the semiclassical approximation breaks down and one should take 
into account full quantum gravity effects. We would like to stress that the running of the spectral dimension is 
an effect determined solely by the non-commutativity which in turn is related to the group manifold structure of 



* This is easily seen analytically using the the asymptotic expansion (|A4| 
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momentum space. Often in the literature such anomalous behaviour of the spectral dimension is interpreted as a 
fractal structure of space [211 [27l - f29| l35] . Indeed it has recently been shown [36j that k- Minkowski non-commutative 
space [37], with a similar Lie algebra structure as the spin space we considered here, exhibits effective "fractional" 
integration measures J38] which are directly related to fractal spaces. Our results thus provide further evidence for 
the connection between certain classes of non- commutative space-times and multifractional spacetimes [391 140] and 
their associated field theories |41) . 



We discussed how the quantization of relativistic particles coupled to three dimensional Einstein gravity naturally 
leads to a non-commutative quantum field theory in which the fields are functions of Lie algebra valued "coordinates" 
and their Fourier transformed counterparts are function on the corresponding Lie group. We showed that for the 
Euclidean counterpart of such field theories it is possible to introduce a notion of non-commutative heat kernel 
and "deformed" two-point function. As an application we calculated the spectral dimension associated with the 
non-commutative heat kernel which revealed a highly non-trivial behaviour: decreasing the scale at which the system 
probes the space the spectral dimension grows higher than the usual value of 3 associated to the heat kernel of ordinary 
Euclidean space. At values of the diffusion scale of few Planck lengths the spectral dimension rapidly decreases to 
values less than 3. Such phenomenon of "dimensional reduction" has appeared in recent years in different quantum 
gravity scenario, however, what we think is remarkable in the present context is that the same phenomenon appears 
in a much more "humble" semiclassical context in which no assumption is made about the structure of "quantum 
space-time" . It is simply the "topological backreaction" of gravity which affects the structure of the phase space of 
the particle which in turn leads to non-trivial features at the field theory level. Thus in three dimensions gravity 
is hinting at a way to go beyond ordinary QFT, introducing a non-commutativity controlled by Newton's constant. 
The crucial question to investigate is whether these models will be relevant for four dimensional gravity and in which 
regimes. 



We would like to thank Gianluca Calcagni for enlightening discussions and for helping improve the title of this 
letter. M.A. is supported by the EU Marie Curie Actions under a Marie Curie Intra-European Fellowship. 



VI. DISCUSSION 
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Appendix A: Bessel Functions 



The modified Bessel function of the first kind [42 admits the following integral representation for |argz| < ^ and 




(Al) 



which simplifies for v = n integer to 




(A2) 



A useful formula for the order k derivatives is fi. 



[z) is 




(A3) 



The asymptotic expansion for v fixed \z\ large and /i = Av^ reads 




(A4) 
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